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Introduction
If G = (G, +) is an abelian group, S ⊂ G is said to scatter under addition if for all a, b ∈ S, a + b ∈ S. For example, S = {1, 4, 13, 16} scatters under addition modulo 17 (see Figure 1 and Table 1 ). We explore the relationship between scattered sets and roots of unity in the Galois field Z/pZ for prime p using analytical and computational methods. If p is prime and n|(p − 1), let U n p denote the set of nth roots of unity in the field Z/pZ, that is, U n p = {a ∈ Z p | a n ≡ 1 (mod p)}. We will says that p scatters n if U n p is scattered under addition modulo p, and that n is scattered if there exists a prime p that scatters n.
The concept of scattered sets appears to be new, although some traces of them can be found in the historical literature. For example, some of the simple proofs (that is, simpler than the general proof by Wiles [7] ) of Fermat's Last Theorem for small exponents n (including n = 3 by Euler [3] , n = 5 by Gauss [4] , and n = 7 by Lamé [5] ) use arguments that amount to showing for some chosen modulus p that sums of pairs of elements of U (p−1)/n p cannot be members of U (p−1)/n p . The remainder of this paper is divided thematically into two sections. Section 2 contains proofs that for 1 ≤ n ≤ 5, all sufficiently large primes p scatter n, but n is not scattered when 6|n. Section 3 contains experimental results for prime moduli p < 9, 999, 991. 
Analytical Results
Clearly, the trivial roots of unity U 1 p = {1} and U 2 p = {±1} scatter under addition modulo p for all primes p ≥ 3 and p ≥ 5, respectively. The following useful Lemma states that for n ≥ 3, the only way U n p can fail to scatter under addition modulo p is if there are two consecutive roots of unity modulo p (and vice-versa).
Lemma 1. For all prime p ≥ 7 and prime n ≥ 3 such that n|(p − 1), U n p scatters under addition modulo p iff for all u ∈ U n p , u + 1 (mod p) ∈ U n p . Proof. Suppose that U n p scatters under addition modulo p, where p ≥ 7 is prime, n ≥ 3, and n|(p − 1). Let r be a primitive nth root of unity modulo p. Then r x + r y ≡ r z (mod p) for some x, y, z such that 0 < x ≤ y < n, which implies that r y−x + 1 ≡ r z−x (mod p), and so both r y−x and r y−x + 1 ∈ U n p , as required. The converse is trivial.
If n ∈ N, the nth cyclotomic polynomial Φ n (x) is the unique irreducible polynomial in Z[x] that divides x n − 1 but does not divide x k − 1 for all 1 ≤ k < n (see, for example, Dickson et al. [2] or Apostol [1] for an extensive bibliography). The roots of Φ n (x) over Z/pZ are the primitive nth roots of unity modulo p.
Theorem 2. U 3
p scatters under addition modulo p for all primes p ≥ 11 such that 3|(p − 1). Proof. Suppose, for a contradiction, that p ≥ 11 is a prime such that 3|(p − 1) and U 3 p does not scatter under addition modulo p. By Lemma 1, there exists r ∈ U 3 p such that r + 1 (mod p) ∈ U 3 p .
Therefore, Φ 3 (r + 1) − Φ 3 (r) = 2r − 2 ≡ 0 (mod p), which implies that r ≡ 1 (mod p). Hence, r+1 = 2 ∈ U 3 p , which means that 2 3 = 8 ≡ 1 (mod p). This is only possible for p = 7, contradicting our assumption that p > 7.
Theorem 3. U 4
p scatters under addition modulo p for all primes p ≥ 17 such that 4|(p − 1).
Proof. U 4 17 = {1, 4, 13, 16} was used above as an example of a set that scatters
p . Therefore either a + 1 ≡ −1 (mod p), which implies that p = 5; or a + 1 ≡ b (mod p), which implies that p = 17. Both contradict the assumption that p ≥ 19.
Theorem 4. U 5
p scatters under addition modulo p for all primes p ≥ 41 such that 5|(p − 1).
Proof. Suppose, for a contradiction, that p ≥ 41 is a prime such that 5|(p − 1) and U 5 p does not scatter under addition modulo p. By Lemma 1, there exists r ∈ U 5 p such that r + 1 (mod p) ∈ U 5 p . Clearly r = 1, since 2 ∈ U 5 p implies that p|31, which contradicts the assumption that p ≥ 41. If r > 1, then Φ 5 (r + 1) − Φ 5 (r) = 4r 3 + 9r 2 + 9r + 4 = (r + 1)(4r 2 + 5r + 4) ≡ 0 (mod p), which implies that 4r 2 + 5r + 4 ≡ 0 (mod p). Furthermore, Φ 5 (r + 1) + Φ 5 (r) = 2r 4 + 6r 3 + 11r 2 + 11r + 6 = (r 2 + r + 2)(2r 2 + 4r + 3) ≡ 0 (mod p). Therefore either r 2 + r + 2 ≡ 0 (mod p), which implies that p|1023; or 2r 2 + 4r + 3 ≡ 0 (mod p), which implies that p|33. Both contradict the assumption that p ≥ 41.
Theorem 5. For all n ≥ 6 such that 6|n and all odd primes p such that n|(p − 1), U n p does not scatter under addition modulo p.
Proof. Suppose 6|n and p is an odd prime such that n|(p − 1). Choose r ∈ U 6 p . Since Φ 6 (r) = r 2 − r + 1 ≡ 0 (mod p), r 2 + 1 ≡ r (mod p). Therefore r 2 , r 2 + 1 ∈ U 6 p ⊆ U n p , which implies by Lemma 1 that U n p does not scatter under addition modulo p.
Experimental Results
A straightforward search for exponents scattered by p < 9, 999, 991 was implemented in C++, compiled using Microsoft R Visual Studio R 2013, and executed over a period of three days under Windows R 8.1 using 10 threads each on 10 Intel R Core i7-3930K workstations running at 3.2GHz with 32GB of memory. The set U n p was implemented using the set container from the C++ Standard Library (Stroustrup [6] ), which allows for fast insertion and membership tests. Lemma 1 gives a fast algorithm for testing whether U n p scatters under addition modulo p. It remains possible that all exponents n not divisible by 6 are scattered. For p ≤ 9, 999, 991, this is true when n is: a prime ≤ 11, 047; the square of a prime ≤ 89; and of the form 2 i for 2 ≤ i ≤ 13, 3 i for 1 ≤ i ≤ 8, 5 i for 1 ≤ i ≤ 5, and 7 i for 1 ≤ i ≤ 4. The smallest example of n not divisible by 6 that is not scattered by any 7 ≤ p < 9, 999, 991 is n = 6, 085.
The data shows some interesting trends. Suppose n is a scattered exponent. Let p min (n) and p max (n) be, respectively, the smallest and largest scattering moduli p < 9, 999, 991 for exponent n, and let ρ(n) be the fraction of p < 9, 999, 991 with n|(p − 1) such that p scatters n. It appears that Figure 2 : The smallest scattering modulus p min (n) for exponents n < 10, 000. p min (n) is bounded above and below by some function of n (possibly a quadratic), as shown by Figure 2 . It also appears that for each scattered exponent n there are an infinite number of moduli p that scatter it, as shown by Figure 3 . Notice that a large number of the points are clustered at the top of the graph. However, the density of scattering moduli ρ(n) appears to decrease with n, following an s-shaped curve shown in Figure 4 .
Conclusion and Open Problems
Identifying which exponents n scatter remains an open problem, although they include 1 ≤ n ≤ 5 and do not include 6|n. Other open problems include finding bounds on the smallest and largest scattering modulus and the density of scattering moduli for each exponent. More information about the subject of this paper, including the data used in Section 3, can be found online at http://larc.unt.edu/ian/research/scatteredsets/. The density of scattering moduli ρ(n) for exponents n < 10, 000.
